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Abstract 

Let S be the submarkovian semigroup on L 2 (R d ) generated by a self- 
adjoint, second-order, divergence-form, elliptic operator H with W 1,0 ° 
coefficients c^. Further let Q be an open subset of H d . Under mild 
conditions we prove that S leaves Li2{&) invariant if, and only if, it is 
invariant under the flows generated by the vector fields Ym=i c ki &i f° r 
all k. 
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1 Introduction 



Let S be a submarkovian semigroup on L 2 (R d ) generated by a self-adjoint second-order 
elliptic operator H in divergence form. If the operator is strongly elliptic then S acts 
ergodically, i.e. there are no non-trivial 5*-invariant subspaces of Zv2(R d ). Nevertheless 
there are many examples of degenerate elliptic operators for which there are subspaces 
L 2 (fi) invariant under the action of S (see, for example, |ERSZ2] [ERSZl] |RoSlj [EIRlj ). 
Our aim is to examine operators with coefficients which are Lipschitz continuous and 
characterize the S'-invariance of Lzfa) by the invariance under a family of associated flows. 
In order to formulate our main result we need some further notation. 

First define the positive symmetric operator H with domain D(H ) = C£°(R ) and 
action 

d 

H <p = - 2J dk cm diip 

k,l=l 

where the coefficients cm = q& G W 1,oa (FL d ) are real and C = (c^) is a positive-definite 
matrix over R d . Then the corresponding quadratic form h Q given by 

d 

k,i=i 

with domain D(ho) = C£°(R ) is closable. The closure h = h Q determines in a canonical 
manner a positive self-adjoint extension H of H , the Friedrichs' extension [FriJ (see, for 
example, |RSN] . §124, or [Kat j . Chapter VI). The closed form h is a Dirichlet form and 
the self-adjoint semigroup S generated by H is automatically submarkovian (for details 
on Dirichlet forms and submarkovian semigroups see [FOTj or [BoHj). We call H the 
degenerate elliptic operator with coefficients (cm). 

Secondly, if 61, . . . , G H /1, °°(R d ) then the first-order partial differential operator 

d 1 ^ 

k=l k=l 

with domain C^°(R d ) is essentially skew-adjoint (see, for example, [Roblj . Theorem 3.1). 
Therefore the principal part is closable and generates a positive, continuous, one-parameter 
group on L 2 (R d ). We refer to such a group as flows. Specifically we are interested in the 
flows associated with the coefficients (cki) of H. For all k G {1, . . . ,d} let Yk denote the 
Z/2-closures of the first-order partial differential operator 

d 

1=1 

with domain C^°(R d ). Then denote by the flows generated by the Y^. The operators 
Y" fc were used by Olemik and Radkevic |Q1R] to analyze hypoellipticity and subellipticity 
properties of degenerate elliptic operators H with C^-coefficients cm (see [JeS] for a review 
of these and related results). We, however, use the flows to characterize the invariant 
subspaces of the semigroup generated by H . 

Theorem 1.1 Let Q be a measurable subset ofH d . Consider the following conditions. 
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I. S t L 2 (Q) C L 2 (Q) for all t > 0. 

II. T t {k) L 2 (tt) = L 2 (tt) /or all k E {1, . . . , d} and i G R. 

TTten m=>HTl Moreover, if C^°(R d ) is a core for H , or, if Q is open and the boundary dfl 
of Q is (locally) Lipschitz t/tenlB^HTl 

Recall that the open set Q is defined to have a (locally) Lipschitz boundary if for every 
y G dfl there exist an isometry ^: R d — > H d , a real function r G W /1,00 (R d_1 ) and an r > 
such that 

tt n B y (r) = {9(x u a/) : (an, a/) G R X R d_1 , r(x') < a*} n B y (r) (1) 

where B y [r) = {x G R d : ||x — < r}. Thus in a neighbourhood of y the boundary dfl of 
f2 is the graph of a Lipschitz function r, up to an isometry 

There are two variations of the theorem which will be established in the course of its 
proof. 

First, for all ip G C£°(R d ) define as the L 2 -closure of the first-order partial differential 
operator 

d 

k,l=l 

with domain C™(R d ) and let be the associated flow. Then invariance of L 2 (Q) under 
the is equivalent to invariance under the family of flows T^. More precisely one has 
the following. 

Proposition 1.2 Let fl be a measurable subset ofH d . The following conditions are equiv- 
alent: 

I. T?L 2 (£l) = L 2 (0) for all ip G C c °°(R d ) and t G R. 

II. T t {k) L 2 (tt) = L 2 (n) for alike {I,..., d} and t G R. 

This will be established in Section [2j 

Secondly, the condition that C^ >0 (R a! ) is a core for if does not follow in general from the 
assumption that the coefficients are in W 1,OQ (R d ). The one-dimensional example considered 
in |ERSZ2j . Section 5 gives a counterexample. Specifically, let 5 G [1/2, oo) and H = —dcd 
with c(x) = \x\ 2S (l + x 2 y s . Then c G W li0 °(R) but C C °°(R) is a core of H if and only 
if 5 > 3/4 by the arguments in [CM P], Proposition 3.5. (See also [RoS2] .) In particular 
it is not a core if 5 G [1/2,3/4). Nevertheless it follows that C^°(R a! ) is a core for H if 
c M G W /2 '°°(R d ) (see, [Robl] Section 6, or [ElR2j Proposition 2.3). Moreover, the core 
condition can be derived from weaker smoothness assumptions on the cu (see Section H]). 

2 Flows 

In this section we derive some properties of the flows defined in Section [T] and prove Propo- 
sition [L2J Although we deal primarily with the flows on L 2 (R d ) we will need, in Section [3] 
some properties of their extensions to L oc (R a! ). Therefore we begin by summarizing some 
general features of the flows. 
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Let b%, . . . , bd G W /1, °°(R a! ) and define Y as the /^-closure of the first-order differential 
operator <p \— > Ylt=i ^V 9 an d domain W /1 ' 2 (R d ). Further let T denote the flow generated 
by Y. Then for all p G [1, oo] the group T leaves the subspace L 2 (R d ) n L p (R d ) of L 2 (R d ) 
invariant and T extends from L 2 (R d ) H L p (R d ) to a flow on L p (R d ) such that 
is strongly continuous if p G [1, oo) and T'°°] is weakly* continuous. The groups act 
in a consistent and compatible manner on the L p -spaces. Moreover, T^ 00 ' is a group of 
automorphisms of L 00 (R d ), i.e. t\ (ip (p) = (t} ip) (T t </?) for all ip,ip £ Loo(R d ) and 
t G R. Then since the Loo-functions are multipliers on the L p -spaces one deduces that 

Ti Pl (^) = (Ti°° ] r)(Ti P V) (2) 

for all r G L^R^), ip G L p (R d ), p G [1, oo] and £ G R. If Y [p] is the generator of T [p] then 
W^(R d ) C D(Y [p] ) and K b] ^ = ELl 6 *^ for all p G V^(R rf ). 

These properties depend critically on the fact that Y is a first-order partial differential 
operator with coefficients bk G W 1 '° c (R d ). They can be verified either by general arguments 
of functional analysis (see, for example, [Rob2] . Theorem V.4.1) or by methods of ordinary 
differential equations. The crucial observation in the latter context is that if <p G C£°(R d ) 
then (T t (p)(x) = ip{ui t {x)) where 1 1— > u t (x) is the unique solution of the differential equation 
(d/dt)uj t (x) = b(uj t (x)), with initial value ujq(x) = x (see, for example, [HilJ, Chapters 2 
and 3). 

Our first result is an approximation result which will be needed on L 2 (R, d ) but whose 
proof extends to the L p -spaces. 

Proposition 2.1 Let p G [l,oo]. Let Yy, denote the generator of the flow onL p (R d ). 
Further let r G C£°(R d ) with Jr — 1 and for all n G N define r n G C£°(R d ) by r n (x) = 
n d r{nx). 

Then lim n _ ) . 0O Y\p\{r n Vjp]^ m L p (R d ) /or a// </? G -D(Y[ P ]) i/p < oo. 7/p = oo 

then lim n ^oo Y [oo ](T n * ip) = Y^ip weakly* in Loo(R d ) for all <p G D(Y[ oa ]) 

Proof First, for all n G N define the bounded operator B n : L p — > L p by 

d d „ 

B n p = ^2 r « * i( 9 k h)<p) + ^2 / dy ( d kT n )(y) ({I - L y )bkj (L y ip) , 

k=l k=l J 

where L denotes the left regular representation of R d , i.e. (L y ip)(x) — ip{x — y). Secondly, 
if (p G and n G N then 



d „ 

Y[ p ](r n * ip) = ^2 bk / dyr n (y) L y d k ip 
k=i 

d „ d„ 

= ^2 d V T n{y) (h - L y b k ) L y d k <p + ^2b k J 

k=l J k=l 



dyr n (y) L y (b k d k ip) 



The second term equals r n * Y[ p ]ip. For the first term use L y d k ip = — ^L y ip. Therefore 
integration by parts gives 

Y\p\{T n *ip) - r n * Y\p]tp = ^2 / dy ~7\ (r n {y) (h - L y b k )^j (L y <p) = B n ip . 

k=i J yh 



3 



Since B n is bounded one deduces by density that 

Y[ p] (t„ * ip) - T n * Y [p] ip = B n ip (3) 

for all n G N and ip G D{Y\p])- 

Thirdly, it follows from the definition of B n that 

d „ 

ll-S^llp < ^ (\\(dkh) y|| P + / dy\(d k T n )(y)\\\((I - Ly)bk) {L y ip)\\^j 
fe=i ^ 

ci d „ 

< ^ |l&fc||Tyl.«» IMIp + y] / dw |(cVn)(?/)| IKi-L^fefeHoo IMIp 

fe=l fc=l ^ 

for all n G N and y2 G L p . But ||(J - L y )bk\\oo < \y\ \\b k \\ w i,°° and / dy \(d k T n )(y)\ \y\ = 
J dy \(d k r)(y)\ \y\. Therefore ||S n <^|| p < M \\<p\\ p uniformly for all n G N and (p G L p , where 
M = Yut=iO- + / dy I (d k r) (y) \ \y\) ||&fc|| w i,°o. The conclusion holds for all p G [l,oo]. So 
B\, B 2 , . . . are equicontinuous. 

Next assume p < oo. If G IF 1 ' 1 ' then lim^oo r n * ip = ip in ly 1 ^. Consequently, 
limn^oo Y[ p] (r n *</?) = Y[ p] </? strongly in L p . Moreover, lim n _ >00 r n * (F^ </?) = Y [p] ip strongly 
in L p . Therefore lim^oo B n ip = in L p for all ip G W l,p by ([3]). Since W 1,p is strongly 
dense in L p and Bi,B2, . . . are equicontinuous it follows that lim^oo -B„y? = in L p for all 
ip E L p . Finally, let ip G D(Y^). Then one establishes from (j3J) that lim^oo Y[p] (r n *<£>) = 
lim n _ 00 (r n * yjp] ip + £ n <^) = ip in L p . 

The argument for p = oo is very similar. If ip G IF 1 ' 00 then limr n * = ip and 
lim c\r n * ip = d k ip weakly*. Therefore lim Y^i (r n * = Yjoo] 99 weak* on L^. Then since 
IF 1 ' 00 is weakly* dense in L^ and Bi,B 2 ,... are equicontinuous the desired conclusion 
follows as before. □ 

Now we return to consideration of the vector fields Yj., . . . , defined in Section [T] acting 
on L 2 (R d ). 

Corollary 2.2 Let r and r n be as in Proposition 12.11 T/ien /or a// 99 G P)^ =1 _D(Ffc) one 
/ias lim^oo Y k [r n * ip) = Y k ip for all k G {1, . . . , d}. 

Note that convolution with r n maps L 2 (R d ) into W°° ,2 (T{, d ) so the corollary establishes 
that VK°°' 2 (R ) is a simultaneous core for the Yi, . . . , Yd. 

Now we turn to the proof of Proposition 11.21 Note that if T is a flow with generator Y 
then T-invariance of L 2 (fl) is equivalent to the the commutation of Y and the operator of 
multiplication with l n , i.e. if ip G -D(F) then l n ip G -D(F) and Y(±Q(p) = t^Ycp. 

Proof of Proposition 11.21 'HHTT]'. Let k G {1, ... , d} and U C R d a bounded open 
subset. There exist x-,^ £ C^°(R d ) such that xli/ — 1 an d — ^fc f° r an ^ £ SU PPX- 
Then Y" fc (x<^) = Y^(xf) for all G C£°(R d ). Since </? 1— > xy> is continuous on D{Y k ) and 
on D(Y,p), with the graph norm, it follows from Proposition 12.11 that xf -D(Yfc) for 
all ip G -D(F/,). In particular, if ip G C^°(R d ) with suppy2 C £7 then l n ip G -D(F/,) and 
therefore l n <p = X^-nf G D(Y fe ). Moreover, F fe (l n ^) = ^(xlnp) = 'kiY^bCP) = ^Y k (p. 
Then it follows by continuity that tnip G D{Y k ) and Yfc(lny9) = taY k ip for all G -D(Yfc). 
Therefore Condition [III is valid. 
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'HB^II]'. It follows from Condition [TT] that t n <p G D(Y k ) and Y k (t n p) = ± n Y k p for all 
p G D{Y k ). Let ip G C™{R d ). Then Y^p = J2t=i(9k^)Y k p for all p G C c °°(R d ). Since 
the coefficients c k i are in W /1,00 (R d ) it follows from Corollary 12.21 that p G D(Y^) and 
= Et=i(dkip) Y k p for all p G f|Li ^0^)- Hence C c °°(R d ) then l n p G D(Y^) 

and F^(ln^) = In^^. By density the latter extends to all p G D(Y 1 j ) ) and therefore 
Condition [I] is valid. □ 

Finally we note that the flows can be defined for all ip G W 2 '°°(Tl d ) and the condi- 
tions of Proposition II .21 are equivalent to invariance of L 2 (n) for all Tf with ip G W 2 '°°(R d ) 
and t > 0. This follows from the arguments of the foregoing proof. 



3 Semigroup invariance 

In this section we prove Theorem 11.11 First, however, we observe that Condition [III of 
the theorem, the invariance of L 2 (f2) under the flows is equivalent to T^-invariance 
of L 2 (f2) for all ip G C%°(R, d ). This is a direct consequence of Proposition 11.21 which was 
established in the previous section. Therefore in the subsequent discussion we will consider 
the T^-invariance condition. 

Proof of Theorem 11.11 'IIWIIlT . It suffices, by the foregoing observation, to prove the 
T^-invariance of L 2 (fi) for all ip G C c °°(R d ). 

First, it follows from the density of C%°(R d ) in D{h) that there exists a unique bilinear 
map Y: D{h) x D{h) — > L±, the carre du champ, such that 

d 

T(ip, p) = c ki (d k ip) {dip) 

k,l=l 

for all ip,p e W^ 1,2 (R d ). Then ||r(^,<^)||i < h(i)f/ 2 h(pfl 2 for all ip, p G D(h) by the 
Cauchy-Schwarz inequality. Moreover, 

J rT{ip, <p) = 1 (/i(rV>, + r^>) - h{r, ip<p)^ (4) 

for all r,ip,p G C£°(R d ). But flU) then extends to all r,ip,p e D(h) H by density. 

Secondly, the form /i is local in the sense that h(ip,p) = for all ip,p> G -D(/i) with 
ip ip = (see [Sch]). Therefore it follows from (j4j) that T is local in the same sense. 

Thirdly, since L 2 (f2) is S'-invariant the operation of multiplication by In maps D(h) 
into itself. Therefore if ip,p,r E D{h) R then ±n<p, Iqt G -D(/i) fl Loo. By locality of h 
one deduces from (jlj) that 

/ r T(ip, ± u p>) = - (h(Tip, l Q p) + h{ip, rl n p) - h{r, iplnv)) 

= i (/i(l n r^, p) + In-ry) - h{t Q r, ipp>fj = J t a rT{ip, p) . 

Hence T(ip,tnp) = tnT(ip,ip). But D{h) fl is dense in D(h). Therefore T(ip,t^p) = 
lnr(V>, p) for all ip, p G -D(/i). 
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Now fix ip G C c °°(R d ). Let r G C c °°(R d ). Then 

((Y^r)) = (r,Y^) = (T,r(ip,rj)) 

for all r] G C™(R d ). Since C c °°(R d ) is dense in D(h) one deduces that ((Y^r, rj) = 
(t, T(ip,r))) for all r\ G D{h). Choosing r\ = l^p it follows that 

{(Yf)*r, t Q (p) = (r, r(V>, ln<p)) = (Inr, r(V>, p)) = (Inr, F^</?) = (r, in*^) . 

Since C^°(R d ) is a core for (Y^)* one deduces that l n p G D{Y^) and Y^(lny?) = InY^p. 
This conclusion then extends to all ip G -D(^) by density. Therefore L 2 (Q) is invariant 
under T^. 

The converse implication IIT1=>II1 consists of two special cases. 
Case 1. C* c °°(R d ) is a core for H - 

Condition [III is equivalent to invariance of L 2 (Q) for all ip G C^°(R d ) by Proposi- 
tion [L2j Therefore we assume the latter condition. 
Let ^,re C c °°(R d ). Then 



(Hip, Tip) = h(ip, Tip) = J T(ip, Tp) = J TT(ip,p) + p T(ip, t) = (r, Y$ip) + (ip, Y^t) 

for all p G C™(R d ). Since C^°(R d ) is dense in D(Y f ) one deduces that 

(Hip, Tp) = (t, >» + (ip, Y^t) (5) 

for all ip G D(Y^). 

Now let ip,T,p G C , ^°(R <i ). Then by T^-invariance of L 2 (Q) and ([5]) one deduces that 
l n p G D(i^) and 

(FV, r l n = (r, Y^(l n ¥>)) + (In f, Y^t) 

= (In r, F^) + (In <p, Y^t) = (t n r, T(iP, p)) + (In T(ijj, r)) . 

Therefore 

|(^,Tl n ^| < 1110^00 11^^)111 + UlnVlloollr^r)!!! < c/i^) 1 / 2 < c || (/ + JT) 1 / 2 ^^ 

where c = HrHoo /i((/9) 1 / 2 + ||(^|| 00 /i(r) 1 / 2 . This estimate is uniform for all ip G C^°(R d ). Since 
by assumption the space C^°(H d ) is a core for D(H) it follows that InT <£> G D(H 1 ^ 2 ) = 
D(h) for all r, y G C c °°(R d ). But span(C c °°(R d ) • C c °°(R d )) is dense in D(h). Therefore it 
follows from [E1R1J, Proposition 2.1 111=^1, that 5* leaves L 2 (Q) invariant. This completes 
the proof of the first case in the proof of [TTl=^>fT] 

Case 2. dVL is (locally) Lipschitz. 

Let Pn be the orthogonal projection of L 2 (R d ) onto L 2 (Q). By assumption leaves 
L 2 (Vt) invariant for all ip G C^°(R d ). Hence 

T?P n = P Q T?P n (6) 

for all t G R. Let B denote multiplication by the bounded function Ylki=i(.dkip)(diCki) and 
set M t = e~ tB for G R. Clearly each M 4 leaves L 2 (Vt) invariant. Therefore (T^ t ^ n M^ t /n) n 



leaves L 2 (Q) invariant for all i 6 R and n G N. But (Y^)* = —Y^ — B. Then the Trotter 
product formula establishes that (if)* is the strong limit of (T_ t , n M_t/ n ) n as n — ► oo. 

So (if)* leaves L 2 (VL) invariant. Hence (if)* Pq = Pn (if)* Pn for all t G R. Therefore 
P n Tf = P n Tf P n and by © it follows that if P n = P n Tf for all t G R. Then 



for all f G C^(R rf ) and t G R where T^' 00 denotes the extension of the flow to Ioo(R d ) 
(see Section [2]) and we have used (j2J). Since T/(C^°(R d )) is dense in L 2 (R d ) one deduces 
that if ,00 l n = l n for all t G R. 

Next let <p G C c °°(R d ). Then (Y^)*cp G Li(R d ) n L 2 (R d ), so (5^ M )V = (Y^)*if, where 
y^ oo) is the generator of T*°°. Since ((if °°)V, l n ) = (<p,T?' = {if, i n ) for all t G R 

it follows by differentiation that ((Y$)*ip, In) = 0. Therefore setting = J^f =1 Ckidiip for 
G {1, . . . , d} one has 



At this point we use the (local) Lipschitz continuity of dfl. 

The Gauss-Green theorem is valid for open sets Q with a (locally) Lipschitz boundary 
(see, for example, [EvG] page 209). It states that 



for all \1/ G W 1,ao (R d ) with compact support where ( • , • ) denotes the inner product on R d , 
dS is the Euclidean measure on dfl and n is the unit outward normal to dQ. The normal 
is defined dS'-almost everywhere. Thus if one sets \I> = y?$ with if G C^°(R d ) one has 



where the last equality uses ([7j). Since this is valid for all if G C£°(R d ) it follows that 
(n, $) = almost everywhere on <9f2. Therefore {(Vip)(x), C(a;) n x ) = for almost every 
x G <9fi. But this is also valid for all ip G C£°(R d ). Hence one must have C(x) n x = for 
almost every x G <9f2. This corresponds to the condition of zero flux across the boundary 
as defined in |RoSl] and then the S'-invariance of L 2 (JT) follows from Theorem 1.2 of this 
reference. □ 

The argument in [RoSl] that zero flux implies invariance is somewhat indirect as it first 
proves that the capacity of dfl with respect to h is zero and then uses this to deduce the 
S'-invariance of L 2 (Q). Nevertheless, the same reasoning can be adapted to give a direct 
proof of the invariance since the proof can be reduced to a local estimate as in [RoSl] . (The 
latter proof and this proof are an adaption of the argument used to prove Proposition 6.5 
in |ERSZ2j .) 

First, it suffices to prove that if if G C%°(R d ) then l^tf G D{h). This is a consequence 
of |ElRlj Proposition 2.1 and locality of h. But this is obvious if the support of if and 
the boundary are disjoint. Therefore it suffices to consider if with support close to the 
boundary dVL. Then, however, one can use a decomposition of the identity to reduce to 
the case supp if C B y (r) with y G dQ and r > small. 



ta1fif = P n T^if = T^P i 



>«p = Tf (l n <p) = (If '°°t n ) (T?<p) 




(7) 
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Secondly, let r, \1/ be as in (OQ). Without loss of generality we may assume that ^(x) = x 
for all x G R d . For all n G N define ip n : R d — > R by ip n (x) = Xn( x i ~~ T ( x '))> where 
x = (x\, x 1 ) G R x R d_1 and Xn- R ^ R is defined by 

ift<l/n, 
Xn(t) = { log(tra)/ logn if l/n < t < 1, 

1 if t > 1. 

Then lim(ip n Lp) = ±Qip in L 2 (R d ). Thus to establish that ±nip G D(h) it suffices to prove 
that {h(ip n ip) : n G N} is bounded. But 



/d 
k,i=i 



< 2h( lf ) + 2(\ogn)- 2 j dx' r (X)+1 d Xl \<p(x)\ 2 ^ C ^ Ux) 



Rrf- 1 Jr(x')+l/n ( X l ~ T~(x')) 2 

for all n G N where v x = (1, — (Vr)(x')). Since the coefficients cm are in W 1,00 (Tl d ) there 
exists an M > such that \{£,C(x)0 - (£,<7(*)0I < M||£|| 2 for all x,z,£ G R d . If 
x = G B y (r), the function r is different iable at x' and x\ = t(x') then 

( I / (B ,C(r(x , ),x')i/ as ) = (1 + |(Vr)(x')| 2 ) (n a , C{r(x'), x')n x ) = 

by the zero flux condition. Hence (y x ,C(xi,x')v x ) < M\ \x\ — t(V)| for all x = (xi,x') G 
B y {r) with r different iable at x', where M\ = M(l + HVrHoo) 2 . It follows that 

(logn)- 2 / dx' [ T{X)+1 dx, Kx 1; 0| 2 ^ C ^ x >*) 



R d -! Jr(x')+l/n ( x l ~~ t(x')) 2 

^M^logn)" 2 / ete' [ T(X)+1 dx x j ip{Xl,X ' )l " < M X (logn)- l Ml \K'\ 

JRd- 1 Jr(x')+l/n [ x l ~ T \ X )) 

uniformly for all n G N, where K' C R d_1 is a compact set such that suppy? C R x K'. 
So {h(ip n (p) : n G N} is bounded, as required. In fact a slightly more detailed argument 
establishes that limh(ip n ip — tn(f) = 0. 



4 Core properties 

In this section we examine conditions which ensure that C^°(R, d ) is a core for the degenerate 
elliptic operator H with coefficients (cm) in W l,oc . Obviously C^°(R d ) is a core for H if 
and only if W 2, °°(R. d ) is a core for H. 

First, we recall two known core criteria. 

Theorem 4.1 If one of the following two conditions is valid then C^°(R d ) is a core for H: 

I. c k i G W 2 >°°(~R d ) for all k, I G {1, . . . , d}, 

II. t/ie matrix (cm{x)) is invertible for all x G R d . 
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Proof If Condition fl] is valid then C£°(R d ) is a core by [Robl] Section 6, or |E1R2] 
Proposition 2.3, or by an adaption of the proof of Proposition 12.11 If Condition HT1 is valid 
then C^°(R d ) is a core by the arguments in [Dav] Theorem 3.1. Davies requires that the 
coefficients are smooth, but if the coefficients are bounded the smoothness condition can 
be relaxed to W 1 ' 00 . □ 

We shall prove a core theorem with a mixture of the two conditions of Theorem 14.11 in 
Corollary 14.51 

Lemma 4.2 If x e W 2 '°°(R d ) and (p G D(H) then XV e D(H). 

Fix x e W 2 '°°(R d ). Then it follows from Lemma 3.4 in jERSZlj that XV e D(h) and 
h(x<fi) 1/2 < Hxlloo ^(^) 1/2 + I|r(x)ll^ 2 |kll2 for all <p G D(h), where we define T( X ) = 
Et i=i c ki {dkX) (diX) e A». If <p, ^ G C c °° then 



d~ d „ 



So 

|/#>xv)l < IMxV>, vOI + a Uh 1Mb + 2h &) 1/2 I|r(x)ll^ 2 lmi2 

where a = \\ J2^kCkidix\\oo- Then by continuity (|HJ) is valid for all i/j,ip G D(h). Finally, 
if y? G -D(-ff) then \h{ X ^f)\ = \M,H<p)\ < \\H<p\\ 2 ||x||oo 1Mb for all V G Using 
(JSJ) it follows that there exists a c > such that |/i(V>, xy?)| — cll^lh for all ^ G D(h). 
Therefore XV 9 G D(H). □ 

If A C R d with A ^ and 5 > define the open set A s C R d by 4$ = {x G R d : 
d(x, A) < 5}. 

Lemma 4.3 Let Hi and H 2 be degenerate elliptic operators with W 1,00 -coefficients (cj^ ) 
and (cjy ) and let h^ and h^ be the corresponding quadratic forms. Let U C H d be an 
open set and suppose that c^\u — c ki\u f or all k,l G {1, . . . , d}. Let ip G L 2 (R d ) \ {0} and 
suppose that (suppy?),5 C U. 

Then ip G D(h^) if and only if ip G D(hP>) and then hP->(<p) = h^(ip). Similarly, 
<p G D(Hi) if and only if ip G D(H 2 ) and then H\ip = H 2 ip. Moreover, suppifi(/? C supp<£>. 

Proof There exists a X G W /2 ' 00 (R a! ) such that x|su PPV > = 1 and suppx C U. Suppose 
ip G D{hP~'). Then there exists a sequence (p±, (p 2 , ■ ■ ■ G W 1,2 (R d ) such that \imip n = ip in 
D(h^). Then lim<^ = <p in L 2 (R d ). But fc«(x^ n ) = ^ (2) (x<^n) and /i«(x^ n - X<^ m ) = 
^ (x^n — XV^m) for all n, m G N. Therefore xViiX^a is a Cauchy sequence in D(h^). 
Since limx^ri = </? in L 2 one deduces that G D(h^) and hS 2 '(ip) = h^\<p). 

Finally suppose that <p G D(Hi). If ^ G C£°(R d ) with supp-^ C (supp<^) c then 
(Hiip,ip) = h^(ip,ip) = by locality. Therefore supp Hiip C suppy2. Clearly G D(h^) 
and by the first part, also G D(h^). Let *0 G D(/i (2) ). Then x*0 e L>(/i (2) ) and 
suppxV' C C7. Therefore x*0 £ D{hS l >). Then by locality one deduces that h^ 2 \ip,ip) = 

hW(ip,xip) + h( 2 \ip, (i-xW = /> {2) (y?,x^) = So |^(^,^)| = \h^(ip, x n = 

{(H^x^l < H^lbllxlUllV'lk Therefore ip G D(H 2 ). If $ G C C °°(C/) then = 
(<p,Hiip) = (ip,H 2 ip) = (H 2 ip,ip). Since suppi^i^ C [/ and suppi^V 9 C ?7 it follows that 
H\ip = H 2 ip. □ 
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Proposition 4.4 Let A C R d , 5 > 0, let Hi and H 2 be degenerate elliptic operators with 
W l,ao -coefficients (cj^ ) and (cjy ). Suppose ^ A ^ H d , c$\a s = cm\a s and c^\^) 6 = 
Cki\{A=) s for all k,l G {1, . . . ,d} and C^°(K d ) is a core for both Hi and H 2 . Then C£°(R d ) 
is a core for H . 

Proof Let r G C™(R d ) be such that Jt — 1 and r(x) = for all x G K d with \x\ > f . 
Let x = T * ^a s/2 - Then x £ W 2 '°°(K d ), x\a s/4 = 1 and suppx C A^s/a- Moreover, 
supp(l - x) C (A$/4) c C A c . There exist xi,Xa e ^'^(R^ such that Xi\a zs/a = 1, 
suppxi C 4$, X2|a= = 1 and supp% 2 C (A c ) 5 . 

Let <p G -D(-ff). It follows from Lemma [O] that XV € D(H) and (1 - x)¥ £ ^C^O- 
We shall show that we can approximate both elements by C^°-functions. We may assume 
that XV / / (1 - x)f- Since supp(xv ? ) C v4 3( 5/ 4 one deduces from Lemma 14.31 that 
XV 5 G D(Hi) and Hi(xf) = H(xv)- By assumption there exist <£>i, y>2> • • • £ C£°(R ) 
such that lim<£> n = xyj in D(Hi). Then limxi<£> n = XiXV 9 = XV 9 m D(H{) by Lemma [4.21 
But XiV 9 ™ G C£°(R d ) and suppxiy?n C for all n G N. Therefore XiV 9 ™ G D(H) and 
H(xi ( fn) = Hi(xi(p n ): again by Lemma H~3l So limxi<£> n = x<£> in D(H). Similarly, using 
H 2 and X2 there exists a sequence ipi,ip2, • • • G C£°(R d ) such that lim^^n = (1 _ x)f i n 
D(H). Then lim(x 1 <^ n + x 2 V ; n) = V 9 i* 1 D{H). Since Xi^n + ^Vv G C£°(R d ) the proposition 
follows. □ 

Corollary 4.5 Suppose there exist a set A and 5 > such that 7^ A 7^ R d , i/ie matrix 
(cm(x)) is invertible for all x G (A c ),5 and ch|a^ G W 2 ' 00 (A s ). Then C£°(R d ) is a core 
for H . 

Proof There exists a xi £ W 2 '°°(R ) such that Xi\a 5/2 — 1 and suppxi C As. Define 
4? = xi cm G W 2 >°°(R d ). Then c$\ As/2 = c kl \ As/2 . 

There exists a X2 G W rl,0 °(R d ) such that X2|(A c ) i/2 — 1 and supp%2 C (A c )$. Define 
c ki = X2 cm + (1 — X2)&M G W /1, °°(R d ). Let ifi and if 2 be the degenerate elliptic operator 
with coefficients (cj^) and (cj^). Now apply Theorem 14.1 HI to Hi, Theorem 14.111111 to H 2 
and use Proposition 14.41 □ 
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